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De;g'n." et X be a variedy . A E*M«Ca/r%er o-divisor
over X is the clhoice of Y—X Proyective bi-ational
wi Y ywrwuai vcw[a*l-y, and M am R-Cavhe divisor
on V7, vp to He eguivalance
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Defn: Led (X, B) be o »air andl X—> 2 o contrac-
Liow, We say (X, B) is 106 Fomo over 2 i§its de
and.  —(kx+B) s amele ove 2 and we sor it's
\/\/QO-,!Z 103 Fawo over 2§ -'(Kx+'B) 3 ‘0[3 andl nek
over 2.

We sor X 15 of Fowo fvre ovee 2 4 (XB) 1s
VA 105 Fawo /2 fSor some choice 0% B. Ths s
eﬁ/Uu/O\/(el/\'{' o Ao exis Ferce of P, a_ lolg /2
\@\— loodnoéowy WY %oﬂ(‘ (X, p) [ jlﬁ‘é OM%

Ke + T~ O/ 2



Lomma. 2115 Lot (XiB) be o Lo eour and

§: X—>2 be a contbaction, with 2 a smoodl
corve. Assume X is oF Famo vpe U S22 over
Also assome B is oo R-bomdary, Kx+Bnrpg 0/2, acd
*ﬂu@ 8%@ric ?oz'uwt og each nom- /@Zé ceunter o—p
X\ B)" is mareedd into U Tlhew X is o Towo Fre.

Pr‘oo—g'f

e Take T a4 Q-bowmdort sveh Hadt M s blhs//lg
(X, 7) is ALdt over WU, amd Ky+TM~g O/
At some ?er*f-vrfowﬁ,om,, we com  ossume ot
Ket T gD/ 2, wite D vodical /2, DLO anol Hee
surPorT oFf O s mo?redd  into 2\ AL
* TA@ 88%0/'/'6 ?o}m‘lL O’g
pon-b it cete~ oS XB) T (X, T) is kAL Su
is  mowred 21/L7Lc> o
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(X (1-4)R + JCCP-D)> is
,lzﬂ'é Lor Qzt </,

¢ K+ (1) B+ £(P=D) = (I-4) (Kx+B) + +(Kxt P-D) ~g O

I-9)B *1 (r-p) is big/2

= X s lawo hre /2

Lemmo. 212 Lt X be o ?rO)ec‘Lil/e, varvietr 0% Fawo
”RLYP«&/ Mﬂl M Q X—2 be oo oOm‘llro\c{'Lom_ wi e
dime 2>0Q Thew 2 is Foumo dvee.
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* X normal = Z normad
*We have T (ms &—boondmr w i K+ r’"’@o kL.
We can assume ['2H=Z FA, Lw#e H awrl , and A
ompe on Z, and sel A= D-$A
Kx +A /"QO/_Z- = 3 Az sl %all kx+ AN@ ’Fk(KZ +&)
adl (2, A;) is hdt. [Aumbro '05)
¢ A—ﬂl-(—w ?emlwf(oing Az, we oéﬂLafn r'z LD)S, w:*ﬂt (Z,Q)
hlt amd Ky+ii ~0.
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D@'\:nf A Smww&%eoﬁ Paily consisTs 0'9

. A, morww/(« vawie#/ X, wi%1 o ?ro')ec*«[[vke. mor?A\sw-
X2,
A R- divisor B 20 o, X,
v A b-R- Catier olivisor over X' vewcesented by some
Pro)ec*ﬁve, lo'lra)é«omol WLOr?ét[SVIA. X—ﬁ> XI aM0< ﬂZ— Ca,wéw
divisor M or X, such that M is ned/2  and
Ky + B +M' s @—Cwﬁer/ widle M= 4, M.

-We caw  assome XE5X is a 103 resolit-ion of (X',B)
a/vtﬂl wk{?ée/
Kut BtM = p* (KX‘ £ B'+M)
F;)r o  Prim € .ﬂLL-VZSoV \ on X ﬂlz‘gﬁne, 7%&, 3eueva,(izd~
\{73 discrepomey o (D, X', B +M') as lf-'/aDB,
e sav (X ®'+M') s Semerald%eo( Lo (RLL) (e-Le) i
o (D, X B +1)20 (GO(2e) for cack D
A 8mwaﬁ%ea{ non- klt ceute of (X, RAit) ¢ Hao

;ma_ﬁe, of o Privme divbow D oL CO-— bcroJ(';ovw/( Moo«(ﬂl
ofF "X Wi ald,X,BrM)cO.



We sar (X', B+1) s gemeralizet AUt (8 it is gew L
amd i § q s e geceric toint of amr e non- kLt
cente, of (X',g'-i-”'), o (X',B') is /05 swmootl.  near A
al M= ¥ holds near 1. Tle gew. ol trotecty i
preseryed  vnder the HIMP.

Ld‘ N X"——> X’ be o_ ?FO)ec;{‘zi/e éjra)é'comal mor?&isu

We coar  assome X

VRN

X' X'
| & B"ZO} Hon (X", ’15"4-7"(") 19 aAso @ ge~. Pair.
5 (X", B'+M) s Q-%actoriad amd everr exc. prome odhvisor
of * arrears n B wH coeSTeient 1, Hezeo (X", B +r7)
is & - toctorial ﬁ%e/a/zée}( Al poded  oF X', B +r)

Lemma 2.14: Lot (X',B,*‘f“(’) be o 3%@%0/4'2—60(, ANy,
wi‘-Mm Xi’ Xl—’ Z wheese XI—‘b—Z s o= wm-l—ra_cﬁ;om.
As:uma “(KX""B’*'H’) is V\Q'F andl bc's /2, Tleee He gee.
non- kdt docos of (X,B+M") is comeeted near ecack Liber
of X'— Z

oot
© Assume @ is a ﬂo:g reso[nrﬁon, and  write
Ku+B+M =2 Ko+ B+ "),

Write "(Kx4'@+ H)N@_ A*C/2, with A amele aund C20,

* Assome now Hald B is a [03 vesolofion of (X', B'+c)

» Pick 045«4) andl_ let GN&_M*"&A/Z be 6644,{//‘@( w/
coelbcionts less Haw I, omd lef A=B+reCr G.

© Ket D 07X s0 Kur A= 2 (K + D) anmd  also
SU?P B>‘= Su?f’ AN .

cFinally —(kw+ N) e -U-2)(Ke +B+H)/2 s L>L§ 4 ned



Sa)ww, ‘lYiCk Yroves ‘Hw\?f {—@ -(Kx'+3,+r’(') 1s ne‘Q‘
omdl 1015/ Hwre X 5 oF Famo +Hre.

Defn: Led (X', R+M) Le a ®ro). g Palr  wiHa
Xi> X' awd M, Assume Ky +B +M'+ P ~~e O for  sonre
R_ divisor P20 \Je say He eair is non- excertiopal
i+ we caw cloose ¥ so +Hhok (X', B+FHP') s not
gen.  feld, omdl  excertional if not

Lommo. 2.2 (ot (X, B +M') aumd (X" B +H1") be
P}"OJ. 5@% Pouurs wu% ﬂlo:f"o_ ¢/X\/¥’ aMo( I‘/I

X' X"
Assume  *(Ke+B'+1) 2 #* (Ko +B +M). 1§ (X B+M) s
exce;?‘/'wma/(_, ﬂg/w_ (X", B"-HJ(") 15 0150 exc,-a?“nLLOMZ.

De‘Y—ni Lef (X,,B'*m') be a ?roy gew. Yair, where B)é:[OIO
Let T'=18) amoel N=B-T. Ao n comelomedt of
ke +B'+M' is of He torm Ko +B 7T+ M, where

e (X' B7TeH") s g e,

Dkt~ Sl s b Cahien,

« B2 nT + [+ ) AL

T}«g o(e,-Pim"{’ion mPlies 7%0*3‘-— l,‘ n KX' - VLE,’V'—T,’ Z(”“)A'J 1
is not ezl . ~nB"
Same Sor |- (Ku+B H))l it B =R

—DG‘QVL : A (',ou?/e, (X, D) COM.Si.ﬂL_S o‘g a_ VLOV‘MO/L ?fO).
voarielty X anmd ol yedvced divisor D We  say

(X, D) aM.D( (X',D‘) ae 1somorvhic 'l'f “K»M 5 o (O
X—2> X, M Sewﬂls D om‘[“o D’.



\’\/e Sy ‘ﬂbdj OoC setd ? o’g C,ou?le,s (s b(rOJeLDVza,UY
bovndeol ¥ #M exist  Lwmitely mouny ?@)QC'{'I'Vé
movPhisms N =T & varieties andd yvedeeesd duvisors
C"' on Vj; 5.{, ‘?or eaa[u (X, D) e & #.)M e,xi.S'lL a4,
o CZQSeo( Poin t 'ﬁe.T'i’ and a é;'mojéiomal i5om0r?&«sw«
BV - X sd ([, C) s a covrle amol E<Cy, with
E ‘/’lua Suntr o—g- "lLL\L E\'r_ ‘l‘raAAs-glorM/L O‘?‘ D Ovvxo'é -Hta
vedveeol exce/?#wmo/@ divisor ot #.

Hl P s om lsom@r?/lism we  soy ]6

(s looumoée,of.

Lemma, 2.04. Let P be a Loumded set oF courles.
Thew Heu-e s a notorol wmbe~ _L /&?mdlhg ol
on ﬁ 5a>((.s-r~rim5 *ﬂut’_ -Fo//ow[ng. /lssume K 1S ’Probec_"(‘uue_
wr *Z.l'é SMSS- and T1>20 an ?m‘fesra/(— Q- Cartier
divisor on X so flal (X, Suee M) € PR Tleer T Kx auwl
I ae Cordio



pDe-an La‘f‘ X e 0—?»’03 \/Mie+y. A Loound’w( 'Y‘ouw\{lY
%o% sobvaviedies ofF X 15 a Yamck of sobvasieties
SQOL\. %a]f M oauU~e ‘g‘imﬁl—e/‘f manmy VVLOV?LHSWIS
V'—T" o4& ?r0) vourieties -f-ogwﬂbw with  wmoyrhisms
VP X sueh Mt it ambeds m X He fibes of
VJ'——VT* over closed ?OWL’/‘S, omd. each me,wzéeu o—g' g [KS
'lSOM/»or“PLL[c "Lo 178 —F\low O’g" Sovn.e V'l-*> T 5}0.» Soml 0[0860(
points.

We SOY *HAO.‘{' gﬁ S a c,over'mg Qa/wi/% of sutm/awieﬁ'eb
o X 3§ He uwion of its members cortoins  some nou-
M?'/V oPen $UESQ,+ o}r X We sov Ge g 1S o ﬂw.eral
member of %, i'F. some VP> X i surjective, Hoe
Sf;{‘ o points ofF T corres?ono({n§ +o 3 are donse in
T and G s a fber over a gemeral towt

LWWLGL 2.728: Lej‘ LV—-T ée, o wm%»a,c‘&'on bQ‘the@«.

SVVLOO‘Hm ’Pfo) VW[@;&QS anol 6.‘ V—X a 5urje.c:('l'u-e, WLO/"\’LIISWL

o a normal troy. variedy. Let t be a closesl rtoint

of Towd F He tbe oFf £ over t. Assume :

(1) He wmovced mop F—=X s E‘lrwﬁonw(« onto its mage,

(2) £ i« smootL ower ’6,

(3) 3-913 smootL  over 6(4‘1’?), a/m,o( 3(41# is o Smoo%x. Poiut
oy X.

LGJ(’ S be a ﬁwefra«l- Lv?ers-gc secxéi,om O‘@ T of /w’ge
o(e/gree, Tassing %moglx ‘Z, et U= -?*5, andl assvme
U—=>X is surjective. Thew YV and S are smoofl., U—S

(5 SWLOO%\- owner {Z) amol U—X is smootr ouwer ﬁmi—‘)'



Lemma 2.32: Let (X,B) Le o °ro). Pouiv whae B is o
&~loOudea/77 aMoC /e/'(' D20 be oM am?'ée_ @:‘a[ivisow. Lei
’X,g-e)( be 0105&0( ?OM‘(‘.S, omd.  gssume (X,B) 1s Mf neow
(X B+D) [ /gc NnNeaw = wh‘tx o um% mm—/éff ceunten
C’) CLOI/L'TLGLM,(VL5 >, aMO’( (X B"'D) s VLO'{' /hlﬁ neou~ g,
Then Here exist v‘D)lTbomau( mmbers © Lt wséd auol a
@—di,visor OSEN@ WED S.’t‘_ -ﬂuﬁ (X 3+SDTE) 50:“{5-&45 %\L
oubove, QOVLoLL“lLl,‘Om., 0/140( ‘H«W [S - um?g,ue, VLoVL—/[lﬂf P[aoe_

ovr G.

A?PL'c,a)(Z'omi Lt X be wnorucal ?/oj vaviely  of  glim P
and D awrle ®-olivisor. Assme vod(D)>(2d)” Tlew
%\-&Ac s o (9001/10(6&( ’Faxw\i/'{ O’Y‘ Sud?ua.r(e*&'és O‘§ X s. €.
Sor cocl pouir %, 4 €X ot S‘W’WO’L closed points, Here iy
a member G of He Famil amd 04 A~ svch Hat
(X,8) is Le near = wr wigwe non-blt place whose cevte
s Gz, amd (X A) ie unot klt at .

aAssze W A &*@eo‘#lve ?ck x g eX 9Me:/*ou(. M
A ol G o a,boub. £ dim G=O o if A G>O aud
'vol(AlG)é o(d, Heeo let C'=C amd led N= A+ A |8
VlO'(', M ¢S OAA’Na A+ A M o, ProYer 5u6uau G’CG
s. £ (X,A? Ltas %—Q Soavme wo?ewé’es S aéaﬁe, with  non-
kAt cote G

\A/e, r@?eai ‘M/L(s ?roceﬁézy\e, d A \;LIMCS 7“0 oé:%a,m,

06 A% g D+UDA gl C“"‘L S st He abowe consl

4% Lto/a(s amol ity i G20 o vl (Algw) & d*
M ?W"A wéu/ %e, Ceut‘/wa/) C(du Qorm ac Eowao(ed ’?‘amz/y
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